Bending Stress and Strain
DEFLECTIONS OF BEAMS

When a beam with a straight
longitudinal axis is loaded by

lateral forces, the axis iIs deformed
Into a curve, called the deflection
curve of the beam. (a)

We will determine the equations fo  »
finding the deflection curve and {
also find the deflections at specific
points along the axis of the beam.

Longitudinal lines

become curved
Transverse lines remain
straight, yet rotate

(b)



Differential equations of the deflection curve

T P
Consider a cantilever beam with a i |
concentrated load acting upward at the "4 B
free end. Under the action of the load, @)

the axis of the beam deforms into a
curve. The reference axes have their

3 V
origin at the fixed end of the beam. X 4 i
IS positive to the right and y is positive | x

upwards. A I B

The deflection v is the displacement in the y direction of any point on the
axis of the beam. We must express vas a function of the coordinate x.



\O Consider the points m, and m,

'..\-\ st located at a distance x and x + x
— ) Y/ from the origin respectively. Point
o\ m, has a deflection equal to vand

\.., \ point m, has a deflection equal to
W " v+ 8, where Svis the increment
' ” In deflection as we move from m,
: T B ] to m,.

When the beam is bent, there is not only \)d>\ /
a deflection at each point along the axis g N0k

but also a rotation. The angle of rotation \ S T
6 (also known as angle of inclination ’Til/i/ff 5.1 o
and angle of slope) of the axis of the il !

beam is the angle between the x-axis and !
the tangent to the deflection curve. e @




The angle of rotation is @ for point m; and 8 + 66 for point m, , i.e.,
the angle between the lines normal to the tangents at points m; and

m, 1S 66. The point of intersection of these normals is the center of
curvature O’ and the distance O’ to m, is the radius of curvature p.

\ p 08 =oc
\ . Where os iIs the distance along the
E_jq\/ 2 deflection curve between m; and m,.
,_j\-.\ i Therefore the curvature
|\
Y 5 \ \ > v + dv
) om s | 1 00

A T B T X K — —_—

3 4 {_dx p &

The slope of the deflection curve is the first
derivative 0v/ox and is equal to tan 6.
Similarly, sin@=ov/0s and cos@= ox/Os



If the angle of rotation & iIs very small then s ~ dx ; the curvature
k=1/p=060/6x;and tan 8 ~ 0 =dv/dx.
Thus, if the rotations of the beam are very small, we can assume that
the angle of rotation @ (in radians) and the slope 6v/dx are equal.

The bending moment causes tension
at the bottom and compression at the
top. At the neutral surface there 1S no u

G max \

tension or compression, then x d
e
y _ Y

o\

Negative
curvature

Positive
curvature




Taking the derivative of &with respect to x: ﬁ _ 57V

If the material is linearly elastic and it obeys X X

Hooke’s law, the curvature is: 1 M 5%

M is the bending moment and ET is the K=—= i
L . . o ElI &

flexural rigidity of the beam. This equation is

known as the differential equation of the S M

deflection curve. It can be integrated in each —
particular case to find the deflection v,

provided the bending moment M and flexural

rigidity ET are known as functions of x.

Sign Conventions

The x and y axes are positive to the right and upwards, respectively.

The deflection vis positive upwards.

The slope 6v /dx and angle of rotation @are positive when CCW with respect to the
positive x axis.

The curvature x is positive when the beam is bent concave upward

The bending moment M is positive when it produces compression in the upper part
of the beam.
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) Additional equations can be obtained from the

—¥

relations between bending moment M, shear
force V, and intensity ¢ of distributed load

s M &V M

- — = — —:V
| &* EI x

We will consider two different cases:

#Non prismatic beams (EI changes with x)
JPrismatic beams (EI constant)

Nonprismatic Beams

2
9 5.5_ _oM _y,
5x OX* OX
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OX? OX? X X |



Prismatic Beams

3
These equations will be referred to E| o g — oM =V
as the bending-moment equation, OX OX
the shear fc_)rce equatlpn and the S0 S*M oV
load equation, respectively. El = —=——=—0
OX OX OX

Deflections by Integration of the

Bending-Moment Equation

Regardless of the number of bending-moment expressions, the general
procedure for solving the differential equations is as follows:

1. For each region of the beam we substitute the expression for M into
the differential equation and integrate to obtain the slope v’ = v
/OX.

2. Each such integration produces one constant of integration.

3. Next, we integrate the slope equation to obtain the corresponding
deflection v.



3. Again each integration produces a new constant.

4. The two constants of integration for each region of the beam are
evaluated from known conditions pertaining to the slopes and
deflections.

The conditions fall into three categories:
(1) Boundary Conditions
(2) Continuity Conditions

(3) Symmetry Conditions l

1. Boundary conditions: Pertain to _A_
the deflections and slopes at the
supports of a beam. Eg. Ata
simple support (either pin or roller)
the deflection is zero and at a fixed

support both the deflection and the M
slope are zero.

Vg =



2. Continuity conditions: They occur at
points where the regions of integration
meet, (point C in the beam shown
below). The deflection curve for this
beam is physically continuous at point
C. Therefore the deflection of point C
as determined for the left and right hand
part of the beam must be equal.

va=0
A Cl B viy=0

L -

— o

b

g Similarly, the slopes found for

-

N —— Y each part of the beam must be
¢ equal at point C.

A

Atpoint C: (Wac=W)cp
VDac=0")en



3. Symmetry conditions: They may also l l l l l 1 Ly 1 %
be available. Eg. If a simple beam £
supports a uniform load throughout its : L |
length, we know in advance that the @

slope of the deflection curve at the mid-
point must be zero.

-

0| B~
b2~

(b)
Each boundary, continuity and symmetry condition leads to an
equation containing one or more of the constants of integration. The
number of independent conditions always matches the number of
constants of integration, we can always solve these equations for the
constants. This method is sometimes referred to as the method of
successive integrations.



Illlfllll Example

Y Y Y . . .

A g Determine the equation of a deflection

L é curve for a simple beam 4B supporting a
uniform load of intensity ¢ acting
throughout the span of the beam, as shown
In the figure. Also, determine the maximum
deflection ¢, . at the midpoint of the beam

y max

lo and the angles of rotation 8, and 8, at the
I

M x supports. (Note: the beam has length L and
A % === constant flexural rigidity EI).




moment at the cross section distance x from A fl

the left-hand support is obtained from the
free-body diagram.

gL
1 X\, &% 2 '
M ==qL(x)-gx| = |=

Solution q
Bending moment in the beam. The bending l l l l i l)

This equation can now be integrated to obtain the slope of the beam.

Slope of the beam:

Elfu”5x=%qux5x—%qjx2§x

, C, Is a constant of integration

, x> gx°
Ely' =qL> 2 4 C



Symmetry Condition: the slope of the deflection curve at midspan is

equal to zero.
EI’ qL(/)z (/)3 (;1:_O|_|-3

24

v = —L(L3 —6Lx" + 4x3)
24El
As expected, the slope is negative (i.e. clockwise) at the left-hand end
of the beam (x=0), positive( I.e. anticlockwise) at the right-hand end
(x=L), and equal to zero at the midpoint (x =% L).

Deflection of the beam : The deflection Is obtained by integrating

the equation for the slope.
3 4
Elo=qL - _qe X,
12 24 24




Boundary Condition: the deflection of the beam at the left-hand support
Is equal to zero (v= 0 when x =0) or v(0) =0

Applying this condition yields gx 3 ) ;

C,=0; hence the equation of the = (l— —2LX" + X )
. . 24El

deflection curve Is

Maximum deflection :From symmetry we know that the maximum

deflection occurs at the midpoint of the span. Thus, for x = L/2 we

obtain 5qL°

U, == Downward deflection.
2 384El

Angles of Rotation

The maximum angles of rotation occur at the supports of the beam.
Then for x=0 and for x=L

3
o -y O

v 9L
(=00 24E]

= CcCwW
=L 24 E]

cwW O; =v



Example

|
Determine the equation of the deflection l l l “' l l =
curve for a cantilever beam 4B subjected to
a uniform load of intensity ¢ (see figure). i L
Also, determine the angle of rotation 8, and (a)
the deflection ¢, at the free end. (The beam
has a length L and a constant flexural
rigidity EI). .
Solution Baiia oH '
q (b) L
i l l l l v Bending moment equation
£ ") gL Ox°
W M =Elv" = ———+gLx———
L~ A % 2
* ey - gL®x gLx®* gx°
- - Elv'=—"—"+ - +C,
Equation of the slope of the beam 2 2 §)



2 3
Boundary Condition: slope of  E|p' =— qLx 4 gLx’ _ WX
the beam is zero at the support 2 2 6
Viy=0,thenC; =0 X
v S 2 (312 —3Lx + x?)
~ BEI
Deflection of the Beam: gL’x* gLx® gx*
Integration of the slope Elv=- A T 6 24 +C,

boundary _conditions v,_, =0 then C, =0

o= (612 _aLx+ %)
24E|

Angle of rotation and deflection at the free-end of the beam:

" BEI =

qL3 5 - - qL4



Deflections by Integration of the Shear-Force and
Load Equations

The equations EIv’’’ =V and EIV’’’’ = - g in terms of the shear load
V' and the distributed load ¢ may also be integrated to obtain the
slopes and deflections.

Example

Determine the equation of the deflection curve for a cantilever beam
AB supporting a triangularly distributed load of maximum intensity ¢,
(see figure below). (Note: the beam has length L and constant flexural
rigidity EI)
y

=
—t:u‘
2
/m
ta%;

L =| Q_HB



Solution:

Differential equation of the deflection curve:

The intensity of the distributed load is given by the following
equation:

_ qo(L_X)
L

_ L — x)?
ST 1 Clut) SRV IV Al M}
L 2L

Shear Force in the beam:
The first integration of the above equation gives

Because the shear force is zero at x = L then v’’’ (L) =0 and C, =0
The equation simplifies to :

2
v = Ely= BEX)
2L

q The fourth - order differential equation becomes




Bending Moment in The Beam: W (L=x)°
_ _ - M=Elv'=- +C,
Integrating a second time: oL
The bending moment is zero at the free end of the beam v’’(L) = 0
Therefore C, = 0 and the equation simplifies to

v Go(L=x)°

M=Elv'=-

Slope and Deflection of the Beam: oL
The third and fourth integration yield

I q 4 q 5
Elvi=—"(L-—x)"+C Elv=——""""(L-X)>+C.x+C
TR V= (b GG

The boundary conditions at the fixed support, where the slope and
the deflection equal zero, are v’(0) = 0 ; v(0) = 0, therefore




vie—— X 413612k 4412 — x%)
24LEl

2
y=——0X (1011012 +5Lx - x°)
120LEl

Angle of Rotation and Deflection at the Free end of the Beam:

The angle of rotation &, and the deflection & at the free end of the
beam are obtained by substituting x = L in the above equations:

. q, L q,L"*
0, =—v'(L)=— 0. =—v(L)=—
" (L) 2AE| ® (L) 30El




Example

A simple beam AB with an overhang BC supports a concentrated load
P at the end of the overhang. The main span of the beam has a length L

and the overhang has a length % L.

P
iA B TC
A\ :&:
A T L
< & > - —_——
Py 3P

Determine the equations of the
deflection curve and the
deflection ¢ at the end of the
overhang (see figure). (Note: the
beam has constant flexural

rigidity EI)
Solution :

We must write separate
differential equations for parts
AB and BC of the beam.



Reaction at support 4 =% P Reaction at support B=3P /2
The shear forces In parts AB and BC are

V=-%P (0sx<L) V=P (L<x<3L/2)
In which x i1s measured from end 4 of the beam.
The third-order differential equations for the beam now become
EIvV’’ =V=-0%P (0sx<L) EIvV'’=V=P (L<x<3L/2)

B
X ] B vc Bending Moments of the Beam:
A AN Integration of the preceding two
X . 4 L | equationsyields the bending-
Py rae 2 moment equations:
M=EIvV’=-7Px+ (, (0<x<L)
M=EIv’=Px+C, (L<x<3L/72)

The bending moments at points A and C are zero
V’(@0) =0 v’(3L/2) =0



Using these conditions we get C, = 0 and C, =-3PL /2 therefore
M=EIvV’=-%Px (0<x<1L)
M=EIv’=-%P3L-2x) (L<x<3L/2)

These equations can be verified by determining the bending

moments from free-body diagrams and equations of equilibrium.

Slopes and Deflections of the Beam
The next integration yield the slopes:
EIv’ =-Px?/4+ C, 0<x<L)
Elv’' =-7%Px(3L —x) + C, (L<x<3L/2)
The only condition on the slopes is the continuity condition at point B
(slope as found for part AB = slope as found for part BC)
-Px’/4+C;=-%Px(3L-x)+C, forx=L then
C,=C;+ %PL?



The third and last integration give

Elv=-(1l/12)Px’ + Cyx + C; (0<x<L)

Elv=-(1/12)Px? (9L — 2x) + Cx + C; (L<x<3L72)
The boundary conditions are that the deflections in 4 and B are zero.
n0)=0 ; vL)=0 Hence, we obtain: C;=0 ; C;=PL’? /12 and
substituting in previous equations C,=5PL?/6 and C,=- PL’ /4
All constants of integrations have now been evaluated. Substituting
In the above equations

v=(1/12EI) Px (L’ — x?) (0<x<L)

v=-(l/I2EI) P 3L? — 10L*x + 9Lx? - 2x3) (L <x<3L/2)
Note: the deflection Is always positive (upward) in part AB and
negative (downward) in BC.

Deflection at the end of the
overhang: x =3L/2

}:'

A G
|
|

B
8= Vi1 = PL /(8EI) \ —
L\ / ‘ ’



Plain Strain
We will derive the transformation equations that relate the strains in
Inclined directions to the strain in the reference directions.
State of plain strain - the only deformations are those in the xy plane,
I.e. It has only three strain components ¢,, &, and y,,.

Plain stress is analogous to plane stress, but under ordinary conditions
they do not occur simultaneously, except when o, = -o; and when v=0

¥

|—-: [ > }J
]

e

Ojomrtome

O — ' 0

Strain components ¢,, &, and y,, In the xy plane (plane strain).



Plane stress

Plane strain

¥ y
i 2
|
p— g ——al " ¢
'r T, Yoy —— ] -
| A XY —» J,"'-.,_L ' | !
-« l > O, « /I I = &
; ! ,
: .lll :-rj / !
JIm— ; O __ s
.-'"'f X 'I_.."'f 'rf_.-'“ X
Z l Z l
o,=0 Ty, =0 T,vz_ﬂ Ty =0 {v:zﬁ
Stresses
O, Oy, and 7,, may have O Oy, 0., and 7,, may have
nonzero values nonzero values
Y%z =0 %z=0 g,=0 Yz =0 %z=0
Strains ‘ v he , v he
&y, &y, &, and ymay have &y, &y, and  J,may have

nonzero values

nonzero values

Comparison of plane stress and plane strain.




Transformation Equations for Plain Strain

Assume that the strain ¢, ¢, and y,,, associated with the xy plane are
known. We need to determine the normal and shear strains (&, and
Y1,1) @ssoclated with the x,y; axis. g,; can be obtained from the
equation of ¢, by substituting 8+ 90 for 6

Vi y y €.dx cos@ x|
7 Vi

e paf
A
X1 "—T |

ds - %4 i

] U
[
|




¥ & .dx cosf x|

For an element of size dx oy -
In the x direction, the strain g,
produces an elongation ¢, ox. 7 i
The diagonal increases in length by a2 V@ | dy
&, Ox cos 0 -
by &ydy bi119\< Oi—dx <—>‘ & . dx '
P I o o, BT —I x] - - -
o )\ &4 Inthe y direction, the strain &, produces an
S ’ elongation ¢, dy. The diagonal increases In
S 90@ 5 length by ¢, oy sin 6.
£ \ ‘ k
& < dx > - 3 }f,‘-),()'}' cosd X|
I - : < Veydly
The shear strain y,, produces a distortion. , 7 -
. — Yy /. g /
The upper face moves y,, dy. This i 7 :
. . . / § 2N /
deformation results in an increase of the o
. . i s g " |/
diagonal equal to: y,, dy cos & | A |
0 %
« dx >




The total increase Ad of the diagonal is the sum of the preceding three
expressions, thus:

Ad =¢, 0x cos 0 +¢,0y sin 0+y,, 0y cos 0

The normal strain ¢, in the x;, direction is equal to the increase in
length divided by the initial length 6s of the diagonal.

&y =Ad/ ds = g, cos 6 5x/0s + &, sin 0 6y/0S +y,,, €OS 6 8y/5s

Observing that ox/0s = cos 6 and Jy/os =sin @

£y, =&, COS°O +¢&,5IN° O+ y, sindcos b

£y, = &y COS° 0O + &, sin2<9+(7/;Y stin & cos O



Shear Strain y,,,, associated with x;y; axes.

This strain is equal to the decrease in angle between lines in the material
that were initially along the x; and y, axes. Oa and Ob were the lines
Initially along the x, and y, axis respectively. The deformation caused
by the strains ¢,, &, and y,, caused the Oa and Ob lines to rotate and
angle e and gfrom the x; and y, axis respectively. The shear strain y,,,,
IS the decrease In angle between the two lines that originally were at
right angles, therefore, y,,,; = a+f.

g

,.
A
e




/ &ydy sinfl
y &ydx cos@ x| <

/\ +4 ' The angle a can be found from
8 il y the deformations produced by
ds ,,/'/ 2 i i ,// ds e & -
R | x Vs | the strains &, ¢, and y,, . The
o ea -« " strains g and y,, produce a cw-
N v rotation, while the strain &,
w | T produces a ccw-rotation.
A2 ]
ZEus

/
0
| s |

X

(c)

Let us denote the angle of rotation produced by ¢, , ¢,and ,, as a; ,
a, and g; respectively. The angle «; is equal to the distance &, ox
sin@ divided by the length s of the diagonal:

=g, sinfdx/ds  a,=¢,cosOdyds  a;=y,, sin0dy/ds
Observing that dx/ds = cos @ and dy/ds = sin 6. The resulting ccw-
rotation of the diagonal is

a=-a;+a,-a;=- (g~ &) sinbcosO -y, sin’0



The rotation of line Ob which initially was at at 90° to the line Oa can
be found by substituting 8+90 for &in the expression for c.

Because g is positive when clockwise. Thus
B= (& - &) sin(0+90) cos(0+90) +y,, sin’(0+90)
B=-(g.— &) sinfcosd +y,, cos’0

Adding e and S gives the shear strain y,;,,
Yeiyr = O + B =-2(g, — ) sinO cos® + v, (COs?0 - sin0)
To put the equation in a more useful form:

7/X21Y1 =—&, 5in6cos b + &, sin 6’cosé’+%(cos 0 —sin® o)
( )
£ =&,00820 +e&,sin20 +| X |2sin 0 cos 6
\ 2
.2 2 /7/ AP
Ey; =€, SIN"H +¢&,c05° 0 —| 2 12sin € cos O

2 )

/



COS° ¢
sin‘ @

[T]

sin‘ @
cos* @

8
I

cos® @
sin? @

2sin@cosé Ey
—2sindcosé | e,

sin‘ @
cos® @

i1
27/yx 27/zx
1
Eyy Eyzy
1
Eyyz &y

—sindcosd sindcosd (cosze—sinzé’) Vxy.

L2

2sin@cosd

—2sin@cosd
—sin@cosd sindcosé (cos2 6 —sin? 9)

= Strain _Tensor




Transformation Equations for Plain Strain

Using known trigonometric identities, the transformation equations
for plain strain becomes:

gx1:(‘9x ‘2|'5Y)_|_(‘9x _EY)

Y x1v1 _ _(gX _EY)Sin 20 +
2 2

These equations are counterpart of the equations for plane stress

where &,;, &, %4,; and y,, correspond to o, ;, o, 7,4,; and 7,
respectively. There are also counterparts for principal stress and

Mohr’s circle. &, + &,, = &1 &,

Y xy

CoS 20 + sin 26

Y xy

CoS 26



Principal Strains

The angle for the principal
strains Is

e = (6 +&/)
The value for the principal 2
strains are
e = (gx + ‘9\()
2
2

Maximum Shear

The maximum shear
strains in the xy plane ».
are associated with o

axes at 450 to the
J MAX

:+J(5x &

_ (51 — &

2
)

directions of the
principal strains:

2

)

Ixy
2

2
j oI 7wmax :(51_52)



< £

Y

Mohr’s Circle [ Ey -*'/B(e = 90°)
for Plane Strain




Example
An element of material in plane

strain undergoes the following 110 x 10-6 ’
strains: £.=340x10"* )
g=110x10"° R
% =180x10° 180x10% [/
Determine the following: (a) o )
the strains of an element 2 L |
— 340 x 10-6

oriented at an angle 8= 30°;
(b) the principal strains and (c)
the maximum shear strains.

(Ex ;_gY)-I- (gx _EY)COS ZH—I—MSin 20

Pasn ex =)0 75 on2

Solution Exy =




Then

=225x10° + (115x10%) cos 60° + (90x10-°) sin 60° = 360x10-°
1/z Yxay1 = - (115x10°) (sin 60°) + ( 90x10°)(cos 60°) = - 55x10°
Therefore y,4,4 = - 110x10°

The strain ¢, can be obtained from the equation ¢,, + ¢4y = g+ ¢

yl1 = Ox %y
= (340 + 110 -360)10° = 90x10°
(b) Principal Strains 2 2
The principal strains are readily g, = (e + gv)+ \/[‘9>< — &y j J{Mj
determine from the following equations: 2 2 2
g, = 370x10°% g, =80x10° (6, +&,) £, —&, 2 ¥y 2
= — _|_ AL
2T 2 2
y y

1
90 x 10- '\

3

110x 106 X

A_. am 9;] = -DI
370 x 106 |
0 7




(c) Maximum Shear Strain

The maximum shear strain is calculated from the equation:

Y Ymax = SQRI((8 = £ )22+ (Va1 )] OF Y= (1 &)
Then vy, = 290x10¢

The normal strains of this element is ¢, = 72 (g, + ¢,) = 225x10°

X I

0, = 64.0°

}-’ 1

_— m_ﬁ 225 x 106

\%

290 X ](}—f‘ >



For 3-D problems

Which is a symmetrical matrix. As in the
case of stresses:

&, —&
1

Eyyx

1

Eyzx

&, —&
1

Eyyx

1

Eyzx

Maximum shear strain

1
2

Ey—é'

1

1
2
Ey
1

2

_7/xy

Ej/zy

_7/xy

—&

yzy

/4

1
2 Xz
1

Ej/yz

E,—&

1

nyz

1

Eyyz

g,—&

l2]=

Characteristic equation

1

2
1

X

Y yx

~ 7

2

1

2

7/xy

&y

1

2

g3 _Jed+].p
p lmp "2ITp
£1)E>)Ex

T."i"i'f'u!'."l.'

7/zy

_1’3

1

Tensor strain matrix from engineering strains

~Vxz

2
1

2

_7yz

&

YA

()

-
i

~

L

| _[51‘52 £y —Eq Ex—E
mMax ":|

=




= 7 = 7

E:c.t Ex v Tx _]:"f - E.rz Txz /2

— = M = M

[£] € "f:“f 2B, €z -f},zf 2
_Ez.':r — z:r“'f - an - IV /2 €2z i

Strain invariants

Jr1 ~ E:L'.r_l_E}}'_l_Ezz — &y TE; T Ey

£ XX

E o

£y

E."’J"

E

£

Yy

zy

E

.

EEE

XX

€

ZX

E

E."*'J*'

xv

£ 7y

E.‘I.' X

Em_ £

E.TE

E_},E

ZZ

E.‘I.' =

ZZ

= E1E98,

€189 T €78y TE4E



3 2 _
=l +l,-e-1,=0

l, =&, +¢, +¢,

2 2 2
|2:5x‘5y+5y°62+8x-52— Yy | (Ve | _| Yy
2 2 2
2 2
|3:gx.gy.gz+2' 7/xy . yxz . 7/yz —(C,‘X- 7/yz _gy. & _gz.
2 )\ 2 )2 2 >

Dilatation (Volume strain) \o
Under pressure: the volume will change
AV P
A=—=¢,+¢&,+&, ' V-AV |
V ]




Strain Deviator

Strain Deviator Matrix

Mean strain

It produces a volume change (not a shape change)

D, ]=

EX—EA
3
1
Eyyx

1

Eyzx

A & teE TE,

3 3
1 1
27/xy 27/xz
1 1
gy—gA Ej/yz
1 1
— E,——A
27/zy Z 3




(d)

Application : Strain Gauge and Strain Rosette




